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Solution 1 (10 points)Let P be a linear time property. Prove that P is a liveness property if and only if closure(P ) =
(

2AP
)ω.Solution:

P is a liveness property i� closure(P ) =
(

2AP
)ω.

=⇒ Let P be a liveness property. Then pref (P ) =
(

2AP
)⋆. Hene

closure(P ) =
{

σ′ ∈
(

2AP
)ω

| pref (σ) ⊆ pref (P )
}

=
{

σ′ ∈
(

2AP
)ω

| pref (σ) ⊆
(

2AP
)⋆

}

=
(

2AP
)ω

.

⇐= Let closure(P ) =
(

2AP
)ω. We show that pref (P ) =

(

2AP
)⋆: Therefore assume that there exists

σ̂ ∈
(

2AP
)⋆

\ pref (P ). Then pref (σ̂σ′′) 6⊆ pref (P ) for all σ′′ ∈
(

2AP
)ω and hene σ̂σ′′ /∈ closure(P ).In this way, we obtain a ontradition to our assumption. Therefore, pref (P ) ⊇

(

2AP
)⋆ and ourlaim follows.
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Solution 2 (10 points)Let P denote the linear time property over the set AP = {a, b} of atomi propositions suh that P onsistsof all in�nite traes σ = A0A1A2 · · · ∈
(

2AP
)ω that satisfy

∀i ≥ 0. (Ai = ∅ =⇒ ∃k ≥ i. (b ∈ Ak ∧ ∀j ∈ {i, . . . , k − 1} . a /∈ Aj)) .(a) Speify an LTL formula ϕ suh that Words(ϕ) = P .(b) Give an ω�regular expression for P .() Apply the deomposition theorem and give ω�regular expressions for Psafe and Plive.Solution:(a) 2 ((¬a ∧ ¬b) → (¬a)Ub)(b) Let E = ({a} + {b} + {a, b} + ∅+.({b} + {a, b})).Then P = Lω(Eω).() We obtain the safety and liveness properties as follows:
Psafe = closure(P )

= Lω (Eω + E⋆.∅ω)

= Lω

(

(

{a} + {b} + {a, b} + ∅+.({b} + {a, b})
)ω

+
(

{a} + {b} + {a, b} + ∅+.({b} + {a, b})
)⋆

.∅ω
)

P̄safe =
(

2AP
)⋆

.∅.{a}.
(

2AP
)ω

Plive = P ∪
(

(

2AP
)ω

\ Psafe

)

= P ∪ P̄safe

= ({a} + {b} + {a, b} + ∅+.({b} + {a, b}))ω +
(

2AP
)⋆

.∅.{a}.
(

2AP
)ω

.
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Solution 3 (4 + 5 + 1 points)Let ϕ = (a ∧ ,a)U(¬(¬aUa)) be a LTL formula over AP = {a}.(a) Compute all elementary sets with respet to closure(ϕ)!Hint: There are 7 elementary sets.(b) Use the algorithm from the leture to onstrut the GNBA Gϕ with Lω(Gϕ) = Words(ϕ):� De�ne the set of initial states and the aeptane omponent.� Depit the transition relation of Gϕ.Hint: It su�es to onsider the reahable elementary sets only!() Informally desribe the language Lω(Gϕ).Solution:(a) The elementary sets are:
a ,a ¬aUa a ∧ ,a ϕ

B1 0 0 0 0 1
B2 0 0 1 0 0
B3 0 1 0 0 1
B4 0 1 1 0 0
B5 1 0 1 0 0
B6 1 1 1 1 0
B7 1 1 1 1 1(b) The GNBA Gϕ = (Q,Σ, δ,Q0,F) is de�ned by:

Q = {B1, B2, B3, B4, B5, B6, B7}

Σ = 2{a} = {∅, {a}}

Q0 = {B1, B3, B7}

F = {F¬aUa, Fϕ}

F¬aUa = {B1, B3, B5, B6, B7}

Fϕ = {B1, B2, B3, B4, B5, B6}The transition relation δ is given by the followinggraph representation (where also the unreahableparts are outlined � not neessary in the exam):
B1 B3

B7

∅

a

∅

B2

B4

∅

∅
B5

B6

∅

∅

∅

a

a

a

a a a

() The aepted language Lω(Gϕ) is the singleton {∅ω}.

4



Solution 4 (2 + 4 + 4 points)Let P denote the set of traes σ = A0A1A2 · · · ∈
(

2AP
)ω over AP = {a, b} suh that there exist in�nitelymany indies k ≥ 0 with Ak = ∅. Consider the following transition system TS:

s0

{a}
s1 {b}

s2{a, b} s3
∅ s4 {a, b}

δ δ

γ ββ

α

γ

α

β βFor eah of the fairness assumptions(a) F1 =
({

{α}
}

,
{

{β}, {δ, γ}
}

, ∅
) and(b) F2 =

({

{α}
}

,
{

{β}, {δ}, {γ}
}

, ∅
}):Deide whether TS |=Fi

P for i = 1, 2. Justify your answers!Solution:We onsider eah of the fairness assumptions Fi for i ∈ {1, 2}: We have TS |=Fi
P i� FairTracesFi

(TS) ⊆

P . Beause of ∞
∃ k. Ak = ∅, eah trae has to visit s3 in�nitely many times.(a) TS 6|=F1
P : Consider the exeution π = (s0s2s1s1)

ω. It is F1-fair but π 6|= 23(¬a ∧ ¬b).(b) TS |=F2
P :� Any trae that reahes s4 is not F2-fair as α is exeuted only �nitely many times.This is in ontradition to our F2,ucond =

{

{α}
}.� Therefore s3

δ
−→ s4 is never taken.� Beause of {γ} ∈ F2,strong , the α-loop of s1 annot be taken in�nitely long.� Beause of {β} ∈ F2,strong , we take the transition s0

s
−→2 in�nitely often.� Beause of {δ} ∈ F2,strong , we take the transition s2

s
−→3 in�nitely often.Therefore FairTracesF1

(TS) ⊆ P and TS |=F1
P .
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Solution 5a (4 + 6 points)Consider the following transition systems TS1 and TS2:
s1

{a}

s3{b} s4

{a}

s2 {b}
TS1 :

s5

{a}

t1

{a}

t3{b} t4
{a}

t2

{b}TS1 :

t5
{a}

t6 {b}

(a) Compute TS1/ ∼ and TS2/ ∼.(b) Deide whether TS1 ∼ TS2. Explain your answer.Solution:(a) The quotient transition systems for TS1 and TS2 are:
[s1]

{a}

[s3]{b} [s4]

{a}

[s2] {b}
TS1 :

[s5]

{a}

R = Id

[s1] = {s1} [s2] = {s2}

[s3] = {s3} [s4] = {s4}

[s5] = {s5}

[t1]

{a}

[t4]

{a}

[t2]

{b}TS1 :

R = {(t1, t5), (t2, t3), (t2, t6)}
∗

[t1] = {t1, t5}

[t2] = {t2, t3, t6}

[t4] = {t4}(b) TS1 6∼ TS2: Note that s1 6∼ t1 as s1 has suessors in three equivalene lasses whereas t1 only hassuessors to [t2] and to [t4].
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Solution 5b (4 + 6 points)Let ϕ be an LTL-formula, TS = (S,Act,→, I, AP,L) be a transition system and s ∈ S.(a) Prove or disprove: s |= ϕ ⇐⇒ s 6|= ¬ϕ.(b) Prove that 3(a ∧ 2b)W¬b ≡ 3(¬b ∨ 2(a ∧ b)).Solution:(a) Let ϕ = ,a and onsider the transition system
s0

∅
s1 {a}

s2 {b}Then s0 6|= ¬ , a (beause of π = s0s1) and s0 6|= ,a (beause of π = s0s2).Therefore s0 |= ϕ 6⇐⇒ s0 6|= ¬ϕ.(b) We proeed as follows:
3(a ∧ 2b)W(¬b) ≡ 3 [(a ∧ 2b)U(¬b) ∨ 2(a ∧ 2b)]

≡ 3(a ∧ 2b)U(¬b) ∨ 32(a ∧ 2b)

≡ 3¬b ∨ 3(2a ∧ 22b)

≡ 3¬b ∨ 3(2a ∧ 2b)

≡ 3¬b ∨ 32(a ∧ b)

≡ 3(¬b ∨ 2(a ∧ b)).
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